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Abstract 

We develop an algebraic frame for the simultaneous treatment of actual and possible properties of 
quantum systems. We show that, in spite of the fact that the language is enriched with the addition of 
a modal operator to the orthomodular structure, contextuality remains a central feature of quantum 
systems. 



1 Introduction 

Contextuality is one of the main features of the discourse about quantum systems and has been studied 
from different approaches. We are interested here in algebraic versions related to partial valuations of the 
orthomodular lattice of closed subspaces of Hilbert space. This proposal allows to identify the constraints 
imposed by the structure to the relation between actuality and possibility and the discourse that includes 
both type of propositions. 

The paper is organized as follows: in Sec. 2 we discuss the contextual character of quantum systems 
from an algebraic perspective. Sec. 3 introduces the desiderata of modal interpretations of quantum 
mechanics involved in our treatment. We devote Sec. 4 to expose the algebraic structure which represents 
the orthomodular lattice enriched with modal operators. In Sec. 5 we show how the discourse about 
properties is genuinely enlarged giving an adequate framework to represent the Born rule. In Sec. 6 we 
use Kochen-Specker theorem to prove that the contextual character of quantum mechanics is maintained 
even when the discourse is enriched with modalities. Finally, we outline our conclusions. 



2 Contextuality in quantum systems 

In paper [9], we dealt with the problem of the limits imposed by the orthomodular structure of projection 
operators to the possibility of thinking of properties possessed by an isolated quantum system. This 
is an important point in the discussion about quantum systems because almost every problem in the 
relation between the mathematical formalism and what may be called our experience about the behavior 
of physical objects can be encoded in the question about the possible meaning of the proposition the 
physical magnitude A has a value and the value is this or that real number. Already from the first 
formalizations, this point was recognized. For example, P.A.M. Dirac stated in his famous book: "The 
expression that an observable 'has a particular value' for a particular state is permissible in quantum 
mechanics in the special case when a measurement of the observable is certain to lead to the particular 
value, so that the state is an eigenstate of the observable. It may easily be verified from the algebra 
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that, with this restricted meaning for an observable 'having a value', if two observables have values for a 
particular state, then for this state the sum of the two observables (if the sum is an observable) has a value 
equal to the sum of the values of the two observables separately and the product of the two observables 
(if this product is an observable) has a value equal to the product of the values of the two observables 
separately" 7J. This last point is the requirement of the functional compatibility condition (FUNC), to 
which we will return later. As long as we limit ourselves to speaking about measuring results and avoid 
being concerned with what happens to nature when she is not measured, quantum mechanics carries out 
predictions with great accuracy. But if we naively try to interpret eigenvalues as actual values of the 
physical properties of a system, we are faced with all kind of no-go theorems that preclude this possibility. 
Most remarkable is the Kochen-Specker (KS) theorem that rules out the non-contextual assignment of 
values to physical magnitudes [17]. In [9] we gave algebraic, topological and categorial versions of the KS 
theorem. To include modalities in our analysis we will deal with the algebraic form in terms of valuations. 
So we recall the main features of our discussion there. 

Let H be the Hilbert space associated with the physical system and L(H) be the set of closed subspaces 
on H. If we consider the set of these subspaces ordered by inclusion, then L(H) is a complete orthomodular 
lattice [18]. It is well known that each self-adjoint operator A representing a physical magnitude A has 
associated a Boolean sublattice Wa of L(H). More precisely, Wa is the Boolean algebra of projectors P; 
of the spectral decomposition A = aiPi. We will refer to Wa as the spectral algebra of the operator 
A. Any proposition about the system is represented by an element of L(TL) which is the algebra of 
quantum logic introduced by G. Birkhoff and J. von Neumann [2]. 

Assigning values to a physical quantity A is equivalent to establishing a Boolean homomorphism 
v : Wa —* 2 [13], being 2 the two elements Boolean algebra. So it is natural to consider the following 
definition: 

Definition 2.1 Let (Wi)i^i be the family of Boolean sublattices of L{TL). A global valuation over L{TL) 
is a family of Boolean homomorphisms {vi : Wi — > 2)i^j such that Vi \ Wi fl Wj — Vj \ Wi n Wj for each 

i,j e I 

Were it possible, this global valuation would give the values of all magnitudes at the same time 
maintaining a compatibility condition in the sense that whenever two magnitudes share one or more 
projectors, the values assigned to those projectors are the same from every context. 

But the KS theorem assures that we cannot assign real numbers pertaining to their spectra to operators 
A in such a way to satisfy the functional composition principle (FUNC) which is the expression of the 
"natural" requirement mentioned by Dirac that, for any operator A representing a dynamical variable 
and any real-valued function /(A), the value of /(A) is the corresponding function of the value of A. In 
the algebraic terms of the previous definition, the KS theorem reads: 

Theorem 2.2 If TL is a Hilbert space such that dim(H) > 2, then a global valuation over L(H) is not 
possible. □ 

Of course contextual valuations allow us to refer to different sets of actual properties of the system 
which define its state in each case. Algebraically, a contextual valuation is a Boolean valuation over one 
chosen spectral algebra. In classical particle mechanics it is possible to define a Boolean valuation of all 
propositions, that is to say, it is possible to give a value to all the properties in such a way of satisfying 
FUNC. This possibility is lost in the quantum case. 

Now we intend to show how this discussion is able to include modalities, i.e. to consider also possibility 
and necessity of propositions about the properties of physical systems: what may be the case (what the 
possible physical situations are) and what is necessarily the case. The consideration of possibility is of 
course always present in quantum theories. What we propose here is an algebraic consideration of this 
type of sentences and their articulation with those about actual properties. Several attempts to obtain 
modal extensions of the orthomodular systems are found in the literature. One possibility developed in 
[8] allows to embed orthomodular prepositional systems in modal systems. Another extension is provided 
by adding quantifiers to the orthomodular structure [141 115]. so generalizing the monadic extension of 
the Boolean algebras [12] . In our case, we enrich the orthomodular structure with a modal operator thus 
obtaining an algebraic variety such that each orthomodular lattice can be represented by an algebra of 
this variety. On the other hand, this operator acts as a quantifier in the sense of [TH [15] . The physical 
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motivation for this construction is the purpose to link consistently the propositions about actual and 
possible properties of the system in a single structure. 



3 Modal interpretations 

Modal interpretations of quantum mechanics [21 , 4, 5, 6J face the problem of finding an objective reading of 
the accepted mathematical formalism of the theory, a reading "in terms of properties possessed by physical 
systems, independently of consciousness and measurements (in the sense of human interventions)" [6]. 
These interpretations intend to consistently include the possible properties of the system in the discourse 
and so find a new link between the state of the system and the probabilistic character of its properties, 
namely, sustaining that the interpretation of the quantum state must contain a modal aspect. The name 
modal interpretation was for the first time used by B. van Fraassen [20] following modal logic, precisely 
the logic that deals with possibility and necessity. The fundamental point is the purpose of interpreting 
"the formalism as providing information about properties of physical systems" [6]. In this context, a 
physical property of a system is "a definite value of a physical quantity belonging to this system; i.e., 
a feature of physical reality" 6 . As usual, definite values of physical magnitudes correspond to yes/no 
propositions represented by orthogonal projection operators acting on vectors belonging to the Hilbert 
space of the (pure) states of the system [16] . 




Modal interpretations may be thought to be a study of the constraints under which one is able to 
talk a consistent classical discourse without contradiction with the quantum formalism. To study this 
issue and in order to avoid inconsistencies, we face the problem of modalities in the frame of algebraic 
logic. To do so, we build a variety that is an expansion of the orthomodular lattices by adding an 
operator, the possibility operator, to these structures. It will represent the possibility of occurrence of 
a property, measurable in terms of the Born rule. The analysis of the changes introduced by allowing 
modalities will be performed, as in [9], for the case of pure states. In spite of the restrictions this imposes 
to the comparison with the general case of modal interpretations, we think it contributes to enlighten 
the discussion all the same. In a following step, we will extend the treatment to the factorized space of 
subsystems. 

4 An algebraic study of modality 

First we recall from [3l UHl Q] some notions of the universal algebra and lattice theory that will play an 
important role in what follows. For each algebra A, we denote by Con(A), the congruence lattice of A, 
the diagonal congruence is denoted by A and the largest congruence A 2 is denoted by V. 6* is called 
factor congruence iff there is a congruence 9* on A such that, 9 A 9* = A, 9\/ 9* = V and 9 permutes with 
9*. If and 9* is a pair of factor congruences on A then A = A/ 9 x A/0*. A is directly indecomposable 
if A is not isomorphic to a product of two non trivial algebras or, equivalently A, V are the only factor 
congruences in A. We say that A is subdirect product of a family of of algebras if there exists an 

embedding / : A — ► Yliei Ai such that 7Tj/ : A^ A4 is a surjective homomorphism for each i E I where 7Tj 
is the projection onto Ai. A is subdirectly irreducible iff A is trivial or there is a minimum congruence in 
Con(A) — A. It is clear that a subdirectly irreducible algebra is directly indecomposable. An important 
result due to Birkhoff is that every algebra A is subdirect product of subdirectly irreducibles algebras. 
In a Boolean algebra A, congruences are identifiable to certain subsets called filters. F C A is a filter iff 
it satisfies: if a £ F and a < x then x £ F and if a, b £ F then a A b £ F. F is a proper filter iff F ^ A 
or, equivalently, g" F. If X C A, the filter Fx generated by X is the minimum filter containing X. A 
proper filter F is maximal iff the quotient algebra A/F is isomorphic to 2. It is well known that each 
proper filter can be extended to a maximal one. 

We denote by OM.C the variety of orthomodular lattices. Let L = (L, V, A, ->, 0, 1) be an orthomodular 
lattice. Given a, b, c in L, we write: (a, b, c)D iff (a V b) A c = (a A c) V (6 A c); (a, b, c)D* iff (a A b) V c = 
(a V c) A (b V c) and (a, b, c)T iff (a, b, c)D, (a,b,c)D* hold for all permutations of a, b, c. An element z of 
a lattice L is called a central iff for all elements a, b £ L we have (a, b, z)T. We denote by Z(L) the set of 
all central elements of L and it is called the center of L. Z(L) is a Boolean sublattice of L [lSl Theorem 
4.15]. 

Proposition 4.1 [18[ Lemma 29.9 and Lemma 29.16] Let L be an orthomodular lattice then we have 
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1. z G Z(L) if and only if a = (a A z) V (a A /or eac/i a G L 

i?. // i is complete then Z(L) is a complete lattice and for each family (zi)i in Z(L) and a G L, 
a A \Jzi = V(aA^). 

□ 

Factor congruences in L are identifiable to the elements of the center Z(L). More precisely if z € 
Z{L), the binary relation O z on A defined by aQ z b iff a A z = 6 A z is a congruence on L, such that 
L = L/Q z x L/e^. 



Now we build up a framework to include modal propositions in the same structure as actual ones. 
To do so, we enrich the orthomodular lattice with a modal operator taking into account the following 
considerations: 

1. Propositions about the properties of the physical system will be interpreted in the orthomodular 
lattice of subspaces of the Hilbert space of the (pure) states of the system. Thus we will retain this 
structure in our extension. 

2. Given a proposition about the system, it is possible to define a context from which one can predicate 
with certainty about it (and about a set of propositions that are compatible with it) and predicate 
probabilities about the other ones. This is to say that one may predicate truth or falsity of all 
possibilities at the same time, i.e. possibilities allow an interpretation in a Boolean algebra. In 
rigorous terms, for each proposition P, if we refer with OP to the possibility of P, then OP will be 
a central element of the orthomodular structure. 

3. If P is a proposition about the system and P occurs, then it is trivially possible that P occurs. 
This is expressed as P < OP. 

4. To assume an actual property and a complete set of properties that are compatible with it determines 
a context in which the classical discourse holds. Classical consequences that are compatible with 
it, for example probability asignements to the actuality of other propositions, share the classical 
frame. These consequences are the same ones as those which would be obtained by considering the 
original actual property as a possible one. This is interpreted as, if P is a property of the system, 
OP is the smallest central element greater than P. 

The algebraic study will be performed using the necessity operator □ instead of the possibility one O 
because of technical reasons. Then it will be possible to define the possibility operator from the necessity 
one. 

Definition 4.2 Let A be an orthomodular lattice. We say that A is Boolean saturated iff for each a 6 A 
the set {z £ Z{A) : z < a} has a maximum. In this case such maximum is denoted by n(a). 

Example 4.3 In view of Proposition 14. li orthomodular complete lattices with n(a) = \J{z G Z(L) : 
z < a} as an operator, are examples of Boolean saturated orthomodular lattices. 

Proposition 4.4 Let A be an orthomodular lattice. Then A is Boolean saturated iff there exists an unary 
operator □ acting on the elements of A satisfying 

51 Ux < x 

52 m = i 

53 UUx = Ux 

54 a(xAy) = a(x) A n( y ) 

55 y= (y A Ox) V (y A -idsc) 

56 n(x v Dy) = Oxvn y 
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S7 □(-.£ V (y A a;)) < ->Ux V Oy 

Proof: Suppose that A is Boolean saturated. SI), S2) and S3) are trivial. S4) Since x A y < x 
and x A y < y then D(x A y) < O(x) A 0(y). For the converse, D(x) < cc and D(y) < y, thus 
□ (x) A D(y) < □ (x Ay). S5) Follows from Proposition ETT1 since D(x) G £(A). S6) For sim- 
plicity let z = Uy. From the precedent item and taking into account that z G Z(L) we have that 
0(z V x) A □(-12 V x) = 0((z V x) A (-12 V x)) = D(x). Since -12 < D(-,z V x) then we have that 
1 = zV^z < zVn(-,zVx). Also we have z < D(zVx). Finally zVD(x) = (zVD(zVx)) A(zVD(^Vi)) = 
(z V D(z V x)) A 1 = D(z V x) i.e. 0(x V Dy) = Ux V Dy. S7) Since D(x) < x then -.x < -•□x, we have 
that -ix V (y A x) < -idx V y. Using the precedent item D(-ix V (y A x)) < □(-iDx V y) = -iDx V Dy since 

For the converse, let a G A and {z G : z < a}. By 5*1 and 55 it is clear that Oa G {z G ^(^4) : 

z < a}. We see that Da is the upper bound of the set. Let z G Z(A) such that z < a then 1 = ->z V (aAz). 
Using 52 and 57 we have 1 = Dl = a(->z V (a A z)) < -.Dz V a = -.z V a. Therefore z = z A V Da) 
and since z is central z = z A Oa resulting z < Da. Finally Oa = Max{z G Z(A) : z < a}. 

Theorem 4.5 T/ie c/ass of Boolean saturated orthomodular lattices constitutes a variety which is axiom- 
atized by 

1. Axioms of OMC 

2. 51,. .,57 

Proof: Obvious by Proposition 14.41 

Boolean saturated orthomodular lattices are algebras (A, A, V, -1, □, 0, 1) of type (2,2,1,1,0,0) and 
the variety they constitute will be noted as OA4£ D . 

On each algebra of OA4£ D we can define the possibility operator as unary operation O given by 

Ox = -iCHx 

Proposition 4.6 Let A be a Boolean saturated orthomodular lattice and a, b G A. Then we have 

1. a < Oa 

2. Oa = Min{z G Z(A) : a < z} 

Proof: We first note that Oa G Z(A) since CHa G Z(A). On the other hand CHa < and then 
a = -1— ia < -iD-io = Oa. If z G Z(A) such that a < z then ->z < ->a resulting ^z < O-ia. Thus 
Oa = — iQ— ia < z. 

Remark 4.7 From [4761 it may be seen that Boolean saturated orthomodular lattices satisfy the four 
items which motivate our approach. 

Theorem 4.8 Let L be an orthomodular lattice. Then there exists an orthomodular monomorphism 
f : L —> L D such that L D G OMC a . 

Proof: Let / : L — > Yliei Li be a subdirect embedding of L. Since Li is subdirectly irreducible then 
Z{Li) = {0, 1} for each i G I resulting ^(Jlie/ Li) a complete Boolean algebra and so Yl ieI Li is Boolean 
saturated. 

In this case we may say that each orthomodular lattice can be represented by a Boolean saturated one. 
In this sense, the embedding of orthomodular systems in modal systems proposed in [S] is maintained. 
On the other hand, we see that the defined modal operators are quantifiers in the sense of [141, 115j . 

For each orthomodular lattice L, if / : L — > L D such that L a G OMC n is an orthomodular monomor- 
phism, we refer to L D as a modal extension of L. In this case, we may see the lattice L as a subset of 
L D . 
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5 Modalities: enlargement of the expressivity of the discourse 



It is clear that the addition of modalities gives by itself greater expressive power to the language of 
propositions about the system. But what we want to emphasize is that it gives an adequate framework 
to represent, for example, the Born rule for the probability of actualization of a property, something 
that has no place in the orthomodular lattice alone. In order to develop these ideas, we need to prove 
which conditions on elements of a subset A are necessary to make {A)l, the sublattice generated by A, 
a Boolean sublattice. 

Definition 5.1 Let L be an orthomodular lattice and a, b G L. Then a commutes with b if and only if 
a = (a A b) V (a A -*b) . A non-empty subset A is called a Greechie set iff for any three different elements 
of A, at least one commutes with the other two. 

Proposition 5.2 Let L be an orthomodular lattice. If A is a Greechie set in L such that for each 
a E A,^a E A then, {A} l is Boolean sublattice. 

Proof: It is well known from [11] that (A)l is a distributive sublattice of L. Since distributive ortho- 
modular lattices are Boolean algebras, we only need to see that {A)l is closed by To do that we use 
induction on the complexity of terms of the subuniverse generated by A. For comp(a) = 0, it follows 
from the fact that A is closed by negation. Assume validity for terms of the complexity less than n. Let 
r be a term such that comp(r) = n. If r = ->ti then G {A)l since —t = -i->ti = t\ and t± G {A)l- If 
r = n A T2, = -in V ~^T2- Since compfa) < n, -rrj G (A)l for i = 1,2 resulting ->t G We use 

the same argument in the case t — T\\l T2- Finally (A)l is a Boolean sublattice. 

Definition 5.3 Let L be an orthomodular lattice and LP G OM.CP be a modal extension of L. We 
define the possibility space of L in LP as 

Oi= ({Op : p G £}}l d 

The possibility space represents the modal content added to the discourse about properties of the 
system. 

Proposition 5.4 Let L be an orthomodular lattice, W a Boolean sublattice of L and L a G OMC a a 
modal extension of L. Then (W U OL)i,o is a Boolean sublattice of LP . In particular OL is a Boolean 
sublattice of Z[L ). 

Proof: Follows from Proposition 1 5 . 21 since W U OL is a Greechie set closed by -i. 

We know that, in the orthomodular lattice of the properties of the system, it is always possible to 
choose a context in which any possible property pertaining to this context can be considered as an actual 
property. We formalize this fact in the following definition and then we prove that this is always possible 
in our modal structure. 

Definition 5.5 Let L be an orthomodular lattice, W a Boolean sublattice of L, p G W and LP be 
a modal extension of L. If / : OL — > 2 is a Boolean homomorphism such that f(Op) = 1 then an 
actualization of p compatible with / is a Boolean homomorphism f p :W~^2 such that 

1. f P (p) = 1 

2. There exists a Boolean homomorphism g : (W U OL)lu — > 2 such that g \ W — f v and g \ OL = f 

Theorem 5.6 Let L be an orthomodular lattice, W a Boolean sublattice of L, p G W and LP be a modal 
extension of L. If f : OL — > 2 is a Boolean homomorphism such that f(Op) — 1 then there exists an 
actualization of p compatible with f. 

Proof: Let F be the filter associated with the Boolean homomorphism /. We consider the (WiJOL) 
filter F p generated by F U {p}. We want to see that F p is a proper filter. If F p is not proper, then there 
exists a G F such that a A p < 0. Thus p < -id being ->a a central element. But Op is the smallest 
Boolean element greater than p, then Op < ->a or equivalently Op ha — And this is a contradiction since 
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Op, a £ F being F a proper filter. Thus we may extend F p to be a maximal filter Fm in (W U OL) ip , 
resulting the natural projection (W U OL)^ — > (VF U <>L)ip /Fm ~ 2 an actualization of p compatible 
with /. 

□ 

The next theorem allows an algebraic representation of the Born rule which quantifies possibilities 
from a chosen spectral algebra. 

Theorem 5.7 Let L be an orthomodular lattice, W a Boolean sublattice of L and f : W — > 2 a Boolean 
homomorphism. If we consider a modal extension L D of L then there exists a Boolean homomorphism 
f* : (W U OL) L u -> 2 sucA tfwf /* | W = /. 

Proof: Let i : W —> (W U OL) be the Boolean canonical embedding. If we consider the following 
diagram: 

/ 

W — 2 

H 

{WUOL) L u 

we see that there exists a Boolean homomorphism /* : (W U OL)^a — > 2 such that /* | W 7 ^ = / because 
2 is injective in the variety of Boolean algebras [TI5] • 

We note that this reading of the Born rule is a kind of converse of the possibility of actualizing properties 
given by Theorem 15.61 

6 Kochen-Specker theorem: a limit also for modalities 

The addition of modalities to the discourse about the properties of a quantum system enlarges its expres- 
sive power. At first sight it may be thought that this could help to circumvent contextuality, allowing 
to refer to physical properties belonging to the system in an objective way that resembles the classical 
picture. But this is not the case as we have announced in [TU]. To prove it here, we introduce an algebraic 
representation of the notion of global actualization: 

Definition 6.1 Let L be an orthomodular lattice, the family of Boolean sublattices of L and 

L D a modal extension of L. If / : OL —> 2 is a Boolean homomorphism, an actualization compatible with 
f is a global valuation (vi : Wi — > 2) ie j such that Vi \ Wi PI OL = / | Wi (1 OL for each i G I. 

Compatible actualizations represent the passage from possibility to actuality. 

Theorem 6.2 Let L be an orthomodular lattice. Then L admits a global valuation iff for each possibility 
space there exists a Boolean homomorphism f : OL — ► 2 that admits a compatible actualization. 

Proof: Suppose that L admits a global valuation (v{ : Wi — > 2), e j. Let L D be a modal extension of L 
and consider Ai = Wi n OL. Let / = \J i Ai — > 2 such that fo(x) — Vi(x) if x £ Wi. fo is well defined 
since (vi)i is a global valuation. If we consider (IJi^i)^ ) the subalgebra of L D generated by the join 
of the family (Ai), it may be proved that it is a Boolean subalgebra of the possibility space OL. We 
can extended fo to a Boolean homomorphism /q : ([J i A^^a —>■ 2. Since 2 is injective in the variety of 
Boolean algebras [19] , there exits a Boolean homomorphism / : OL — > 2 such that the following diagram 
is commutative 

/* 

(UA:)l- — 2 
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Thus / : OL —> 2 admits a compatible actualization. The converse is immediate. 

Since the possibility space is a Boolean algebra, there exists a Boolean valuation of the possible 
properties. But in view of the last theorem, an actualization that would correspond to a family of 
compatible global valuations is prohibited. Thus the theorem states that the contextual character of 
quantum mechanics is maintained even when the discourse is enriched with modalities. 

7 Conclusions 

From the algebraic characterization of contextuality given by the non existence of compatible global 
valuations over the orthomodular structure, we show that, if this structure is enriched with modal op- 
erators, the discourse about properties is genuinely enlarged. However, the contextual character of the 
complete language is maintained. Thus contextuality remains a main feature of quantum systems even 
when modalities are taken into account. 
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